Abstract-This paper presents a systematic approach for quantifying the quality of compliant grasps. Appropriate tangent and cotangent subspaces to the object's configuration space are studied, from which frameinvariant characteristic compliance parameters are defined. Physical and geometric interpretations are given to these parameters, and a practically meaningful method is proposed to make the parameters comparable. A frameinvariant quality measure is then defined, and grasp optimization using this quality measure is discussed with examples.
Introduction
This paper presents a quality measure for compliant grasps. Compliance plays a dominant role in passive grasps such as workpiece fixturing, and can also be used to model the finger forces in active grasps. To our knowledge, this is the first systematic approach to quantifying the quality of compliant grasps. The approach is frame-invariant and physically appealing. It applies to the grasping of 2D and 3D objects by any number of fingers, and can be used to determine the optimal finger placement. For the sake of convenience, the term grasping will also apply to fixturing.
Compliant grasps have received much attention. Hanafusa and Asada [3] used a linear spring model to find stable 3-fingered planar grasps. Nguyen [ll] used a linear spring model to compute the stiffness matrix of more general grasps. Howard and Kumar [4] also used a linear spring compliance model to study grasp stability, but included the effects of contact geometry. In studying compliance due to friction, Cutkosky and Wright [l] noted that stability is influenced by initial loading as well as local curvature. While the linear spring compliance model has been widely used by roboticists, it is not supported by experiments or results from elasticity theory. Rimon and Burdick [14] used overlap functions to model nonlinear compliance effects. Lin, Burdick and Rimon [7] use these overlap functions to compute and analyze the grasp stiffness matrix for various contact models, including the widely verified and theoretically justified Hertz model. While the overlap model is used for illustration, our grasp quality measure can be used with any compliance model.
Nearly all prior work on quantifying grasp effectiveness has assumed rigid body mechanics. Let the wrench (i.e. force and torque) due to a unit force applied by a contacting finger be termed a generating wrench. Li and Sastry [6] suggests a quality measure that is the smallest singular value of the grasp matrix, whose columns consist of the generating wrenches. Kirkpatrick, Mishra and Yap [5] define the radius of the maximal ball inscribed in the convex hull of the generating wrenches as a quality measure. This idea is also followed by Ferrari and Canny [2]. However, these quality criteria are flawed by their dependence on the choice of coordinate frame; a grasp which is optimal under one choice of reference frame may fail to be optimal under another. Several authors have devised schemes to avoid this problem. Markenscoff and Papadimitriou [9] minimize the worstcase finger forces needed to balance any external unit force acting on the object. Mirtich and Canny [lo] first compute the grasps that best counteract pure forces. Among these grasps, the one that best resists torques is chosen to be optimal. Teichmann [15] finds the largest inscribed ball (as defined in Ref. [5] ) for all choices of coordinate frames, but does not discuss the computation of the optimal grasp. This paper concerns the systematic development of quality measures for compliant grasps. Frame invariance is one of the main attributes of our approach. We consider frame-invariant subspaces of the object's tangent and cotangent spaces, from which frame-invariant characteristic compliance parameters are defined. We give novel geometric interpretations to these parameters, which are also defined by Patterson and Lipkin [12] in a different manner. We also propose a practically meaningful method for making these parameters comparable, and define a frame-invariant quality measure. Examples demonstrate these ideas.
Background
A grasp or fixturing arrangement consists of an object B contacted by IC fingers AI,. . . , Ak. We assume that the contacts are frictionless, and that the bodies have a smooth boundary near the contact points. The bodies are assumed to be quasi-rigid, and the fingers Ai stationary. In the quasi-rigid assumption, deformations due to compliance effects are assumed to be localized to the vicinity of the contact points, so that the overall motion of B relative to Ai can be described using rigid body kinematics. This is an excellent assumption for 0-7803-361 2-7-4/97 $5.00 0 1997 IEEE The elastic potential energy of the system consisting of the object B and fingers AI,. . . , dk is:
It can be verified that -6iqq) is differentiable almost everywhere, hence II(q) is differentiable. In the absence of a disturbing wrench, an equilibrium grasp is characterized by: and D2&0 = DZ&(qo), it follows from (5) that
Therefore, the stiffness matrix can be computed from the overlaps Si and their derivatives. The reader is referred to Ref. [7] for the computation of K . As is well known, at points q = qo + q in the vicinity of qo the stiffness matrix gives the wrench acting on B, according to the formula w = Kq.
We observe that the two summands in Eq. (6) generally depend on the initial deformations 6io. It is shown in 171 that the second term depends on the surface curvatures at the contacts, while the first term does not. We say that the first term accounts for first order geometrical effects, while the second term accounts for second order (curvature) effects. If the first term alone is positive definite, the grasp is stable to first order. Otherwise, if the entire K is positive definite, the grasp is stable to the second order. The relative contributions of first and second order effects on grasp stability and stiffness are analyzed in Ref.
[7].
We conclude this section with the following changeof-frame formula for the stiffness matrix:
where I ? is the stiffness matrix associated with the new frames FW and FB. This formula can be derived from
(1) and the fact that Vn(qo) = 0.
Principal Stiffness Parameters
This section defines the characteristic compliance parameters of a grasp, based on the stiffness matrix K , and the compliance matrix C K-l. For clarity, we note that w = Kq while q = Cw. We use the following partition of K and C into 3 x 3 matrices:
c,T, czz
Note that the diagonal blocks are positive definite, since K and C are. We-use q1 and q 2 for the translational and rotational components of q = (w, w ) , and use w1 and w2 for the force and torque components of 'w = (f, T ) .
Formal Development
The eigenvalues of K , which could provide important insight into the stiffness matrix, are not frame invariant. To circumvent this difficulty, we look at the tangent subspace defined by That is, V consists of the small displacements that induce a pure reaction torque on B. Using the partition of K , we obtain V = {(w,w) : w = -KG1K12w}, from which it follows that V can be Darametrized as
(9)
Let K v denote the restriction of k to V. Rlcalling that the stiffness matrix represents the symmetric bilinear operator D211(qo), we have that wTKvw = wTPTKPw for arbitrary w. Thus under our parametrization of V , KV has the representation Since K maps q E V to pure-torque wrenches, we have that
Consider now two new frames 7~ and FB, with overbars denoting objects associated with these frames. The linear operator KV has the following invariance property. 
Dually, consider the following wrench subspace:
In words, W is the subspace of wrenches that induce pure translation, and this subspace can be parametrized as
Using this parametrization, the restriction of C to W , denoted CW, is CW = QTCQ = Cll -C12C;'C& = K;'. Moreover, the resulting pure-translation is given Hence, the eigenvalues of Cw = K;' are frameinvariant.
Propositions 3.1 and 3.2 lead to the following observations. The behavior of K on V characterizes the rotational stiffness of the grasp. Regardless of frame location, the same pure-torque is elicited in response to an instantaneous displacement in V . Similarly, the behavior of C on W characterizes the translational compliance of the grasp. A wrench in W generates the same pure-translation when using different frames. Since the tangent subspace V and the image of W under Cw span TqOC, the two subspaces characterize the grasp compliance completely. Summarizing these observations and using the fact that CW = KG', we call the eigenvalues pi (i = 1,2,3) of K v the principal rotational stiffnesses, and the eigenvalues oi (i = 1,2,3) of K11 = Ckl the principal translational stiffnesses of the grasp. In particular, omin = min{oi) is the smallest principal translational stiffness. The associated eigenvectors are called principal rotational and translational stiffness directions, respectively.
For planar grasps it can be shown that there is a unique location of the origin of FB, given by such that K s X 3 takes the block-diagonal form K = diag(ILTK1lR,, p ) . That is, the translation and rotational effects are decoupled about this special point, called the center of compliance [ll]. The principal translational and rotational stiffnesses of the grasp are physically the translational and rotational stiffnesses about the center of compliance.
Screw Coordinates Interpretation
While searching for a 3D analog of the center of compliance, Patterson and Lipkin [12] were the first to recognize the existence of the principal stiffness directions. They used screw coordinates, and now we show that our principal parameters are equivalent to the ones derived
by Patterson and Lipkin. First we briefly review the notion of screw coordinates.
A one-dimensional tangent subspace of the form { q = e ( v , w ) : 0 E R} with llwll = 1, is given screw coordinates as follows. The instantaneous screw axis is parallel to w and passes through the point v x w. The pitch, h, is equal to V . W . For a one-dimensional wrench subspace {w = a ( f , r ) : a E R} with llfll = 1, the screw axis is parallel to f and passes through the point f x r. The pitch is h = f . r.
Consider now a tangent vector qi E V , where qi is an eigenvector of K v associated with the eigenvalue p i . Using (9), there exists a unit vector wi such that qi = Pwi. Then (10) gives T = (K&)2 = piwi. That is, the displacement along cj causes a pure-torque about the screw axis associated with q i . On the other hand, for w = Qfi E W where f i is an eigenvector of CW associated with the eigenvalue l/oi, we have that
Hence, the wrench w generates a pure-translation along its screw axis. Patterson and Lipkin [12] call the screw axis associated with these eigenvectors the twist-and wrench-compliant axes, respectively.
Geometric Interpretation
We now present a novel interpretation of the principal stiffnesses. Consider the quadratic form @(Q) = $qTKQ,
where q E TqoC. The level set S defined by @ ( q ) = 1 is a 5-dimensional elliptical surface, and a point on S corresponds to a displacement that produces unit elastic energy. Consider the intersection, denoted S,, of S with the subset of TpoC determined by the equation w = const. Letting @,(U) @ ( U , w ) , the points w E S, given by *(w) = 1 is a 5-dimensional elliptical surface corresponding to wrenches that induce unit elastic energy. The intersection q of 7 with the set f = const is an ellipsoid whose principal semi-axes are equal to c pi(2 -f T K -' f ) (i = 1,2,3) and are frame-invariant.
When f = 0, the principal semi-axes of 5 are given by a. Let 7h be the subset of 7 such that the normal vector to 7 at a point w E 7 h has zero r-component.
The projection of 7 h to the subspace r = 0 is given by (7h), =0={(f,r) : r=O and -f T K G 1 f =l}. Since KG1 = CW is frame invariant, the principal semiaxes of ('&),=o, given by &, are frame invariant.
In the planar case, the elliptical surface 7 intersects the r-axis at two points whose coordinates are f f i (Fig. 2) . If 7 is vertically oriented, the horizontal projection of 7 is the planar ellipse f fTKG1 f = 1. Any other 7 is inscribed in the vertical cylinder whose base set is this ellipse. These features can be observed in Fig. 2 , for the same grasp as used for Fig. 1 . The upright and slanted ellipsoids correspond to the same frames as their counterparts in Fig. 1. 
A Frame-Invariant Quality Measure
Guaranteeing that the displacement of a grasped object will not exceed a specified tolerance is one of the 1 2 Fig. 2 . The elastic energy ellipsoid in T&C most important concerns in fixture design [13]. Hence we wish to develop a grasp quality measure which is related to the deflection of the object under the action of disturbing forces. In particular, we wish to relate the principal translational and rotational stiffnesses to the object's deflection, and use this relation to evaluate alternative grasps. The parameters peq and omin are now comparable. We define the grasp quality measure as:
The scalar Q measures the worst-case characteristic stiffness based on B's deflection. Moreover, 8 is frame invariant. We now define the quality measure for a 3D grasps. For 3D objects, we must scale the principal rotational stiffnesses pi so that they become comparable with the 8 = min{Umin, p e q } .
(14)
translational stiffnesses. Let qi = (wi,wi) E V be the eigenvector of K v associated with pi, such that llwill = 1. Then the elastic energy generated by the displacement 6qi is given by +pie2, while the deflection of the object due to Oqi is Od(pmazi)2 + (vi . wi)2, where pmazi = p m a z ( 4 i ) -Analogously to the 2D case, we define peqi by the following energy equivalence relat ionship 2 p e q i ( B d ( p m a z 
which yields
We define the following 3D grasp quality measure:
Again, Q is a frame-invariant scalar which measures the worst-case characteristic stiffness as determined by B's deflection.
Optimal Grasping of Polygons
To illustrate our methodology and its possible utility, we apply the quality measure (14) to the planar polygonal objects grasped by three or four disc fingers. For simplicity, we employ the overlap model of Eq. (3). Since each finger boundary has constant curvature and a's edges are straight, the stiffness coefficient ki is assumed to be the same for all finger locations on a given edge. We exclude finger placements at vertices and choose coincident frames FW and FB.
Let the contact configuration space (contact c-space) be the set of all possible contact arrangements (each contact can be parametrized by a scalar). For polygonal objects, the contact c-space can be decomposed into subspaces corresponding to different combinations of edges. 
Optimal Three-Finger Grasping
For 3-fingered planar equilibrium grasps, the stiffness matrix corresponding to a particular edge triplet (Fig. 3) , can be computed according to ( 6 ) . A formula is given in the following proposition. In the proposition, ni are the unit contact normals pointing into L?. Also, the total initial finger force is f~ = Q = min{omin, peq1, pep27 peqs}. It follows that umin is the smallest eigenvalue of the 2 x 2 matrix E:=, kininiT, and is constant for the given edge triplet. It is even more interesting to observe that p , resulting from curvature effects and depending on the total finger force fT, is also constant for all grasp arrangements on the same edge triplet. For the grasp to be stable, fT must assume a positive value (i.e., initial deformations are nonzero). Since the first order effects are dominant, peq << crmin and therefore (17) 2 fT a sin a1 sin a 2 sin a3 pkax (sin a1 + sin a 2 + sin as).
& = p e q =
In practice, fT is fixed at a value which is the same for all edge triplets, and a threshold value E can be chosen for umin such that a triplet with emin < E is rejected.
For an edge triplet whose inward normals positively span R2, the collection of stable equilibrium grasps is parametrized by the location of the concurrency point. Consider the three strips in Fig. 3 . The two lines bounding each strip are perpendicular to an edge, and pass through the edge's endpoints. For each point in the region S formed by intersecting the three strips, there exists a finger placement such that this point is the concurrency point of the contact normals.
For a given fixed preloading fT, the quality measure (17) is maximized over a given edge triplet as p L a X is minimized. This agrees with the intuition that the deflection of B about the concurrency point due to a unit torque is minimized for the optimal grasp. For a given edge triplet, we maximize p k a x , a positive definite quadratic function, over a collection of convex polygonal regions described in [8] . While these convex quadratic programming problems can be solved by many efficient algorithms, the optimal grasp arrangement is very intuitive when the geometric center1 belongs to S. In this case the optimal concurrency point location coincides with the geometric center, and the optimal quality measure is given by (see footnote l for the radius T O ) .
2 fT a sin a1 sin a 2 sin a3 ri (sin a1 + sin a 2 + sin a3) ' &opt = Example 5.1. Consider grasping a quadrilateral by three identical fingers (Fig 4) . We take ki = 1 (i = 1,2,3) without loss of generality. The radius of the object is 6.7315 and its geometric center is at (6.5,1.75).
For the edge triplets (AB, BC, CD) and (AB, BC, DA) stable grasps exist, with the optimal grasps given by arrangements I and 11, respectively. We have umin = For a given edge combination, the contact normals do not change directions and the matrix N is constant. Hence the smallest principal translational stiffness is a constant. Using (18), we find the dependence of the principal rotational stiffness on contact configuration: This proposition is proved in Ref. [8] . It follows that maximizing peq over P is equivalent to solving the scalar equation $(t) = 0. The evaluation of the function $ is an indefinite quadratic programming problem. While indefinite quadratic programming is NP-hard, there are many efficient approximate algorithms. In fact, with our 4-dimensional problems, an exhaustive search scheme is quite affordable. The remarkable fact is that global optimality is guaranteed at reasonable cost despite the nonconvex and strongly nonlinear nature of the quality measure. Example 5.1 and assume ki = 1. By considering all feasible edge combinations we can find the optimal grasp associated with each combination, and then determine the global optimal grasp arrangement. The global optimal grasp is the one in Fig. 5 , with optimal quality measure equal to omin = 1.684 < peq = 1.865.
Conclusion
While compliance plays an important role in grasping and fixturing, systematic approaches to assessing the quality of compliant grasps have been lacking. In this paper we presented an effort along this direction. A frame-invariant quality measure was defined based on characteristic compliance parameters of the stiffness matrix. It applies to the grasping of 2D and 3D objects by any number of fingers, and can be used to determine the optimal finger placement. The promise of this quality measure is shown by examples applying it to polygonal grasps. We believe that this quality criterion will allow the development of more efficient and accurate algorithms for optimal planning of compliant grasps or fixtures.
